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1.  Statement  of  the  Problems  Studied 


The  goal  of  the  project  is  to  discover  new  quantum  algorithms;  develop  novel  paradigms 
for  constructing  quantum  algorithms;  develop  complexity-theoretic  results  that  relate  to 
quantum  algorithms;  and  develop  theoretical  approaches  for  the  implementation  of 
quantum  algorithms. 

2.  Summary  of  the  Most  Important  Results 

•  We  have  contributed  to  the  development  of  fast  quantum  algorithms  for  evaluating 
AND-OR  trees  (a.k.a.  NAND  trees),  which  are  relevant  in  the  context  of  evaluating 
optimal  strategies  in  interactive  settings  (including  various  games).  In  particular,  we 
showed  how  to  obtain  efficiency  0(X1/2+£)  for  any  s  >  0  in  the  discrete  query  setting, 
as  well  as  how  to  generalize  from  balanced  AND-OR  trees  to  arbitrary  AND-OR 
trees  in  the  discrete  query  setting. 

•  We  have  extended  the  AND-OR  results  to  algorithms  for  evaluating  MIN-MAX 
trees. 

•  We  have  discovered  an  efficient  quantum  algorithm  for  searching  among  N  items 
when  the  costs  of  querying  the  individual  items  are  different.  The  algorithm  runs  in 
time  0(VT),  where  T  is  the  sum  of  the  squares  of  the  query  times. 

•  In  the  area  of  lower  bounds  for  algorithms,  we  have  developed  a  new  and  more 
powerful  variant  of  the  adversary  lower  bound  method,  to  handle  negative  weights. 

•  Finally,  we  have  discovered  a  new  efficient  procedure  for  generating  /-designs 
(which,  roughly  speaking,  can  be  thought  of  as  tth  order  pseudorandom  quantum 
states). 

•  We  have  shown  that  every  quantum  algorithm  can  be  simulated  by  a  continuous¬ 
time  quantum  walk  of  a  simple  form,  and  the  methodology  (using  “widgets”)  may 
lead  to  other  applications  in  quantum  algorithm  design. 

•  We  have  clarified  some  notions  about  the  “hitting  times”  for  quantum  walks  (the 
time  that  it  takes  to  get  from  one  vertex  to  another),  showing  a  quadratic  speedup 
in  the  quantum  case  for  a  broad  class  of  graphs. 

•  We  have  derived  some  improved  quantum  algorithms  for  simulating 
Hamiltonians  that  were  previously  known  only  for  the  sparse  case. 

•  In  the  continuous-time  query  algorithmic  paradigm  (which  is  the  paradigm  where 
last  year’s  breakthrough  result  about  NAND  trees  was  first  discovered),  we  have  a 
general  method  for  simulating  a  time  T  algorithm  by  a  discrete  quantum  algorithm 
in  time  0(Tlog  T).  Previously,  efficient  simulations  were  known  for  some 
specific  continuous-time  algorithms;  it  was  an  open  question  whether  this  is 
always  possible  (a  paper  is  forthcoming). 

•  Progress  was  made  on  an  ongoing  project  concerning  a  quantum  algorithm  for  the 
ferromagnetic  Ising  model  (a  paper  is  forthcoming). 

•  Regarding  algorithms  pertaining  to  quantum  computing  problems,  we  have 
further  investigated  the  hardness  of  detennining  whether  a  bipartite  quantum  state 
(specified  as  a  density  matrix)  is  separable  or  entangled.  This  problem  has  long 
been  known  to  be  NP-hard — and  thus  likely  hard  even  for  quantum  computers. 
However,  the  previous  NP -hardness  actually  showed  the  problem  is  NP-hard  in 
the  case  where  exponential  precision  is  required.  This  means  that  even  entangled 


states  that  are  exponentially  close  to  the  separable  region  must  be  identified  as 
entangled  (even  though  their  entanglement  is  exponentially  small).  We  have 
shown  that  the  problem  remains  NP-hard  even  if  the  precision  is  relaxed  so  as  to 
be  polynomial  (as  opposed  to  exponential).  What  this  means  is  that  it  is  unlikely 
that  there  is  an  efficient  algorithm  even  for  the  problem  of  distinguishing 
separable  states  from  those  whose  entanglement  is  significant  (inverse  polynomial 
in  size). 

•  Finally,  we  have  discovered  a  distributed  computing  problem  that  requires  infinite 
entanglement  to  accomplish  perfectly  (and  arbitrarily  large  entanglement  to 
accomplish  with  arbitrary  precision).  This  helps  to  explain  why  several 
complexity  theoretic  questions  about  multi-prover  interactive  proof  systems  have 
been  very  difficult  to  resolve:  the  underlying  space  of  possible  entangled  states  is 
not  compact,  and  hence  difficult  to  characterize  in  simple  mathematical  terms. 
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